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Motivation

● [Ward conjecture, Ward1985]

● the anti-self-dual Yang-Mills (ASDYM) equations (or its generalizations) admit 

reductions to lower-dimensional integrable systems. Commonly know as the Ward 

conjecture 

● e.g. NLS, KdV, KP, sine-Gordon, derivative NLS, AKNS, Painleve, .. . . . .

Different methods take rather 
different forms and appear 
unrelated at first sight.
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Motivation

● [Sato theory, Takasaki1984, KIT2002]

● A Sato-theoretic construction of the ASDYM hierarchy provides a unified framework 

for describing the Sato-Wilson equation, the auxiliary linear system, the tau 

function, the ASDYM matrix formulations.

● This could be a unified origin for us to investigate the Ward conjecture.

Within the Sato-theoretic framework, 
we are able to describe them in a 
unified setting

Sato theory



Motivation

● [Cauchy matrix approach, LQYZ2022, LQZ2023, LZ2025]

● Recently, a ASDYM reduction framework based on Cauchy matrix approach was 

developed. It turns out that several classical integrable systems can be derived. 

Their nonlinear variables are represented in terms of ASDYM matrix entries.

OUTPUT
[LMZ2026]

SL(2) gauge group

https://arxiv.org/abs/2603.23060



Motivation

● [Cauchy matrix approach and Sato Grassmannian, Takasaki2025]

● More Recently, the relationship between Cauchy matrix approach and Sato theory 

was revealed. The master functions satisfy the same quadratic equations of affine 

coordinates.

● It builds a bridge between the Sato theoy and the Cauchy matrix approach.



Motivation

● Based on these known results, we aim to develop the Sato-theorectic construction 

of the ASDYM hierarchy, and use it to investigate the Ward conjecture.

● The main results:

● 1. We extend the affine coordinates (w_{ij})_{i,j>=0} on the big cell of the Sato 

Grassmannian to a bi-infinite matrix array (w_{ij})_{i,j\in Z}. 



Motivation

● 2. We revisit the continuous Sato-Wilson equations, auxiliary linear system, and 

coordinate flows. We use Miwa shifts to derive their discrete analogues, thereby 

placing continuous and discrete reductions of the ASDYM hierarchy within the same 

framework.

● 3. The Sato-theoretic origin of the dimensional reduction constraint employed in 

[LMZ2026] is identified. This reduction recovers several classical integrable 

systems, with their nonlinear variables expressible in terms of specific relative 

coordinates.



Sato-theoretic construction

● [Dressing matrices]

Riemann-Hilbert problem



Sato-theoretic construction

● [Dressing matrices]

● We assume W_0 and W_\infty expands as (After adding time dependence, we will 

show that, they are the dressing matrices, and satisfy the Sato-Wilson equation)

● We write them into a unifiued expression

● where

● and



Sato-theoretic construction

● [Dressing matrices]

● Likewise, we write the inverse as

● Remark: Equation (1) determines (w_{0j}), while (2) determines (w_{i0})

We call (w_{0j}) the zeroth column

We call (w_{i0}) the zeroth row

Empty
Empty

EmptyEmpty



Sato-theoretic construction

● [Generating function, JM1981]

● To fil l up the empty part, we introduce a generating function.

● [Relative coordinates]

● The expansion gives the definition for w_{ij} with i,j in Z^2, we call them the 

relative coordinates

● (only i,j>=0 part can be identified as affine coordinates)

For example, the (infty, infty)-

sector expansion shows:

[Takasaki2025]



Sato-theoretic construction

● [Recurrence relation]

● This recurrence can be regared as a generating relation from zeroth column and 

zeroth row to a bi-infinite array.

● Remark: The generating function establish a link between dressing matrices and 

relative coordinates.



Sato-theoretic construction

● [Sato-Wilson equation]

● Remark: The generating function establish a link between dressing matrices and 

relative coordinates. Thus, the dressing matrices satisfy the Sato-Wilson equation, 

then, the relative coordiantes satisfy corresponding coordinate flow.

In this talk, we only consider ASDYM 
hierarchy with single hierarchy time variables



Sato-theoretic construction

● [Coordinate flow]

● Let J:=I+w_{0,-1}, K:=-w_{0,0}, then

● Similarly let P:=I-w_{-1,0}, Q:=w_{-1,-1}, then

(i,j)=(-1,0)

(i,j)=(-1,-1)



Sato-theoretic construction

● [Baker function and auxiliary linear system/Lax representation]

Baker function can be viewed as 

a dressed exponential function



Sato-theoretic construction

● [Dimensional reduction constraint]

● Usually F dependes on t. However, if we assume F is indepent of all time variables, 

it leads to the t_0-flow constraint for g, i.e. g_{t_0}=[g,C]

Proof:



Sato-theoretic construction

● [Dimensional reduction constraint]

● Usually F dependes on t. However, if we assume F is indepent of all time variables, 

it leads to the t_0-flow constraint for g, i.e. g_{t_0}=[g,C]

Application:



Sato-theoretic construction

● [Dimensional reduction constraint]

● This dimensional reduction constraint also appears in [LMZ2026]

● At first, we adopt this choice simply because it arises naturally within the Cauchy 

matrix structure of the AKNS hierarchy, though its deeper origin remained unclear. 

● From the perspective of Sato theory, however, this constraint can be understood as 

a consequence of the time-independent transition function of the Baker functions.

● This constraint would be the basic of the integrable reduction framework in this 

talk



Sato-theoretic construction

● [Miwa shifts and lattice ASDYM equations]

● To the best of our knowledge, there appears to be relatively little research on 

discrete ASDYM equations.... . .

● Benincasa and Halburd [arXiv:1601.03102] employed a Bäcklund transformation to 

derive a discrete Yang equation, from which they obtained several integrable 

reductions. 

If we can have a discrete analogue of 

these INPUT data, then the OUTPUT 

data should be corresponding lattice 

equations. This should be a good way to 

generate discrete integrable systems



Sato-theoretic construction

● [Miwa shifts and lattice ASDYM equations]

● To begin with, we assume C to be

● Then introduce the Miwa shift

● The exponential function satisfies



Sato-theoretic construction

● [Miwa shifts and lattice ASDYM equations]

discrete analogue



Sato-theoretic construction

● [Miwa shifts and lattice ASDYM equations]

discrete Yang equation [BR2016]

When C=diag(1,-1), this system is equivalent 

to the discrete AKNS system via the Cauchy 

matrix approach [Zhao2016]



Sato-theoretic construction

● [Miwa shifts and lattice ASDYM equations]

Likewise, there will be a 

discrete coordinate flow

This is the discrete 

analogue of the Miura 

relation between P and Q



Integrable reductions

● [Assumptions]

● Previous discussions hold for all gauge groups. Here, for simplity, we work on the 

SL(2) gauge group, which implies



Integrable reductions

● [Reduction to positive AKNS hierarchy]
Direct computation 

without difficulty！

(see also in [LMZ2026])



Integrable reductions

● [A Sato-theoretic perspective]
[KIT2002]

This construction is 

compatible with [KIT2002], 

which is developed from the 

2-component KP hierarchy



Integrable reductions

● [Reduction to positive GI hierarchy]

Direct computation 

without difficulty！

(see also in [LMZ2026])



Integrable reductions

● [Reduction to lattice AKNS system]

● In the continuous case, we start from the LMP equation. Thus for the discrete case, 

we will consider the discrete LMP equation

● A substitutation of K gives



Integrable reductions

● [Reduction to lattice AKNS system]

● On the other hand, shift on J implies

The shift relation of u implies an 

equation of (q,r)

Thus, finally we have:



Integrable reductions

● [Reduction to lattice GI system]

● Similarly, we have to find a discrete version of the Miura transformation. Then, 

from the lattice AKNS system, we can get the lattice GI equation likewise.

This is the shift of J

Continuous Miura relation



Integrable reductions

● [Reduction to lattice GI system]



Integrable reductions

● [Reduction to lattice GI system]

The second equation of 

lattice GI system



Integrable reductions

● [Correspondence with relative coordinates]

● This correspondence implies that if there is an explicit realization of the relative 

coordinates, then the continuous and discrete AKNS/GI systems are solved.

● In fact, the Cauchy matrix approach is exactly one way to achieve this. That’s why 

we can use the CMA to derive lot of integrable systems.



Integrable reductions

● [Correspondence with relative coordinates]

Sometimes, the Q-matrix 

is also needed

Check detailed proof in 

[LMZ2026]



Concluding remarks

● [Coordinate extension]

● The usual affine coordinates w_{ij} with i,j>=0 is extended to w_{ij} with i,j in Z.

● [Dimensional reduction constraint]

● The Sato-theoretic origin of the t_0-flow is clearified.

● [Relative coordinate representation]

● Several integrable systems are expressed explicitly in terms of relative coordinates.



Concluding remarks

● [Future investigation]

● Through out this talk, we choose G=SL(2) for convenience, a more natural setting is 

G=GL(N), which allows reductions to multi-component integrable systems.

● We only consider the ASDYM hierarchy with single time sequence, a more natural 

seeting is two sequences of hierarchy times, which allows reduction to breaking 

soliton equations, e.g. 2+1d NLS, CBS, ... . . . [calculation is almost the same...]

● Cauchy matrix provides Grammian-type solutions. There are Wronskian-type 

ASDYM solutions [HH2020,HH2022], it should likewise admit formulations in terms 

of the relative coordinates.


