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Motivation

e [Ward conjecture, Ward1985]

e the anti-self-dual Yang-Mills (ASDYM) equations (or its generalizations) admit
reductions to lower—-dimensional integrable systems. Commonly know as the Ward

conjecture

e e.g. NLS, KdV, KP, sine-Gordon, derivative NLS, AKNS, Painleve, ......

1—69\' WPU""ﬁsﬁ‘l\s ( A”p\me,_ GP!Cl‘a( @ué&SJ [ACH2003]

Sﬁfo- wil gon era,nt-"h‘""\s [KIT2001]

ASPDY M

Different methods take rather

!‘[f "F‘ | different forms and appear
l’ heay rm S [SOM1998] unrelated at first sight.

Matric .«fwmu(aﬁw\s [LMZ2026]
twistor representations [AW1977, MS1989, MW1996]



Motivation

e [Sato theory, Takasaki1984, KIT2002]

e A Sato-theoretic construction of the ASDYM hierarchy provides a unified framework
for describing the Sato-Wilson equation, the auxiliary linear system, the tau
function, the ASDYM matrix formulations.

e This could be a unified origin for us to investigate the Ward conjecture.

f Sato theory } |
/‘51 SO M z.a,\— wpnquﬁons ( ”U\M"-_ ;Pea‘a( 3@;&&5)

Seito- wil gon eﬂ,"v‘-'f"""‘ 5
Within the Sato-theoretic framework,

lﬂ‘[fncqy 'F‘YW\ ¢ we are able to describe them in a

unified setting
QWW «fomu(aﬁw\ .




Motivation

e [Cauchy matrix approach, LQYZ2022, LQZ2023, LZ2025]

e Recently, a ASDYM reduction framework based on Cauchy matrix approach was
developed. It turns out that several classical integrable systems can be derived.
Their nonlinear variables are represented in terms of ASDYM matrix entries.

SL(2) gauge group e The AKNS hierarchy (2.13): (r,q) = (K21, —K12).

| { e e ‘_ ") e The GI hierarchy (2.18): (p,q) = (Ja1Ji7", —K12)-
d‘raK — _(dn,—}—lJ)J_ ; d‘ra g CVIE n > U&

9in e The gauge factor between DNLS hierarchies (2.25): s = Ji1.
oo 1 1 0 } e The GDNLS hierarchy (2.28): (u,v) = (JuJ¥; , —Ji7" K12).
(){]h = f&, 50’3 X g3 i— 0 -1/

e The KP hierarchy (2.41): u = K 5.
/
IN PUT [LMZ2026] e The mKP hierarchy (2.50): v = —(In J11)3.

https://arxiv.org/abs/2603.23060 OUTPUT



Cauchy matrix approach

Motivation nd

Sato Grassmannian

Kanehisa Takasaki

e [Cauchy matrix approach and Sato Grassmannian, Takasaki2025] OCAMI, Osaka Metropolitan University

e More Recently, the relationship between Cauchy matrix approach and Sato theory
was revealed. The master functions satisfy the same quadratic equations of affine
coordinates.

e It builds a bridge between the Sato theoy and the Cauchy matrix approach.

Properties of Wij’S Properties of S(’,J)
e W(¢) and W(¢)™! can be recovered from wjj's as S(ii)'s satisfy the algebraic and differential equations
00 00 s(i+L)) — g(ij+1) 4 5(i.0) 5(0.)
— T — =1 -1 — —i—1 )
o= ; e WO a ; o ' 9S(iy) _ oS (i+1.J) _ 5(i9) 9S(04)
Yk Oyk-1 Oyk-1’
e wj's satisfy (and are characterized by) the equations 9s(ii)  9sli+1y) i) 55(0,)
= — S L0 i—
0 0zk— 0zk_1’
Wit1,j = Wij+1 + WioWoj, “* e e
Owjj _ Owit1j  Owy which are identical to the equations for w;'s. Thus SU+) for
Oy OYk—_1 & OVi—1’ i,j=0,1,..., can be identified with the affine coordinates in the
owjj  Owjyyj _ Owj Grassmannian description of the ASDYM hierarchy.

- 0
sz sz_l ! 6Zk_1



Motivation

e Based on these known results, we aim to develop the Sato-theorectic construction
of the ASDYM hierarchy, and use it to investigate the Ward conjecture.

e The main results:

e 1. We extend the affine coordinates (w_{ij})_{i,j>=0} on the big cell of the Sato
Grassmannian to a bi-infinite matrix array (w_{ij})_{i,j\in Z}.

(0 /

5.1 (I) (I) Wyt WEGH weid
{: — ( U ) — T Wi.i=1"- - wp. -1 twon wm
Wi—j-1/ ez j<0 ] Wor Woo SR wip w1

w11 Wio >




Motivation

e 2. We revisit the continuous Sato-Wilson equations, auxiliary linear system, and

coordinate flows. We use Miwa shifts to derive their discrete analogues, thereby

placing continuous and disdrete reductions of the ASDYM hierarchy within the same

framework.

e 3. The Sato-theoretic origir
[LMZ2026] is identified. Thi
systems, with their nonlinear variables expressible in terms of spec

coordinates.

of the dimensional reduction constraint employed in

s reduction recovers several classical ir

Th :=exp Z
n=1

h>. .
d]'i'
T

) s TI;X(t>

i h? h?
= X(t + [h]), ol ([Lh,?,?,.,.) :

tegrable
fic relative




Sato-theoretic construction

e [Dressing matrices]

Plx tonstants 0L Y LR wnd set
’ f

Doz= {1e¢] h<r?d
Let G be )

, Daot"-'-'_ { ﬂéfoM-jl ’AI?FZ-

o[wpkc Oh DoﬂDw , and 'Su)vpofe

- .. | Riemann=Hilbert problem
L A€ DD

Ww I; ]\(-mdph 1% pﬁ am{ Walso} = 8

WL-C"E Wa f’ J‘Iv’“hl"Pj'ﬁt M\ Dg



Sato-theoretic construction

e [Dressing matrices]

e We assume W_0 and W_\infty expands as (After adding time dependence, we will
show that, they are the dressing matrices, and satisfy the Sato-Wilson equation)

WooA) =In — Y wad™,  Wo(X) = Go+ Y _ @n™

n=1 n=1

e We write them into a unifiued expression
WaX) = Iy —2a Y _ wo; A%, a€{0,00}.
e where
Ly = Zicpyy Lo = Z»p, €g = —1, and g4, = 1.

e and - o
U, -1 = Wy — I N Wy, —n-=-1 — Wy, Wy n—-1 = Wg, Hog= 1,



Sato-theoretic construction

e [Dressing matrices]

e Likewise, we write the inverse as

an()"-) .= In +eq E -'mm};""': 1

!:EEH.

a € {0,00}.

e Remark: Equation (1) determines (w_{0j}), while (2) determines (w_{i0})

Empty

’.
W
w..‘o

.~- Wy

Empty

Wla

Wae

Empty

wer Wor Wet Wor Vo -

Empty

We call (w_{0j}) the zeroth column

We call (w _{i0}) the zeroth row




Sato-theoretic construction

e [Generating function, JM1981]

(
e To fill up the empty part, we introduce a generating function. W_1_1 W_10 W_11
wp, -1 woo wp1
oy Wan)TTWA(Q) — Iy w1 W wn
Hﬁb“]"rk} = e ' \ : : :
e [Relative coordinates] 8

e The expansion gives the definition for w_{ij} with i,j in Z*2, we call them the
relative coordinates _ _
forﬂ (7:C) = €afs Z Z wyip S r_"l_l.
iELa JELy

e (only i,j>=0 part can be identified as affine coordinates) Wm(‘j)-' WM(Q) ~ ]
~

Vpa =
For example, the (infty, infty)- T _ ]

sector expansion shows:

[Takasaki2025] Wipw = 2. 2 W.: lyf*g-—j—r
g 120 320




Sato-theoretic construction

e [Recurrence relation]
Theorem 2.3 (Recurrence relation). The relative coordinates satisfy
Witl,j — Wij+1 = WipWoj, 1,7 € Z.

e This recurrence can be regared as a generating relation from zeroth column and
zeroth row to a bi-infinite array.

e Remark: The generating function establish a link between dressing matrices and
relative coordinates.



Sato-theoretic construction

In this talk, we only consider ASDYM

e [Sato—Wilson equation]/7 hierarchy with single hierarchy time variables

Let t = (tg,t1,12,...) be a countable set of hierarchy variables with weights wt(¢,,) := n + 1.
We allow the dressing matrices to depend on ¢ and set

g(t, ) == Wo(t,\) T Wa(t, N, A€ DoN Dy (3.1)
For n > 1, introduce D,,(\) := 0,, — Ad,—1. The Sato-Wilson evolution is governed by
Dn(A)g(t, A) =0, ¥ 22l (3.2)

Theorem 3.1 (Sato-Wilson equations). Assume that g satisfies (3.2). Then, for each n > 1,
there exists a unique A-independent matriz function A,(t) such that

OaWalt, \) = A0p_1Wa(t,\) — A ()Wa(t, \),  a€ {0,00}. (3.3)

e Remark: The generating function establish a link between dressing matrices and
relative coordinates. Thus, the dressing matrices satisfy the Sato-Wilson equation,
then, the relative coordiantes satisfy corresponding coordinate flow.



Sato-theoretic construction

e [Coordinate flow]

Theorem 3.4 (Coordinate flows). Under the assumptions of Theorem 3.1, the relative coordi-

nates satisfy

'::;".'.l“f'-.fj — {"}n_l’u)f_ld = —'H,"-i[]{:}n_lﬂf[]j._ T :j ]., L j' = Za.

o Let J:=l+w_{0,-1}, Ki=—w_{0,0}, then | (i,j)=(-1,0)

an,K — _(an—l—llj)J_l: an, = ) n 2 Ur

e Similarly let P:=l-w_{-1,0}, Q:=w_{-1,-1}, then ,
(i,j)=(=1,-1)

8,Q = (8,1 P)P ' = J18,1J.

v

(3.8)
|
|
|
- I -
. .
1
twr—1,-1 :IL-'__ 1.0
o, -1 oo
Wy -1 40




Sato-theoretic construction

e [Baker function and auxiliary linear system/Lax representation]

Fix a constant matrix C' € Mat y(C), and define
E(t,)) :=exp(—CE&(L,))),  £(X,A) =) A" (3.11)
n=()

For every n = 0, differentiation gives

O E(t,A) = —-CA"E(L, )\), (3.12)
Hence, D, (M) E = 0, so that E serves as the vacuum state. Define the Baker functions
W, (¢, A) = Wa(t, A)E(L, M), a € {0,}. | Baker function can be viewed as
Equations (3.3) and (3.12) give the auxiliary linear system a dressed exponential function
(On — AOn—1 + A,)¥, =0, n> 1, (3.13)

and the corresponding transition function is

F(t,A) i3 Wolt, \) "W (E, ) = E(t, \) T g(t, N E(t,\). (3.14)




Sato-theoretic construction

e [Dimensional reduction constraint]

F(t, A) i+ Uo(t, A 10 (2, X)) = E(t, ) Tg(t, VE(t,\).

{ }

e Usually F dependes on t. However, if we assume F is indepent of all time variables,

it leads to the t_O-flow constraint for g, i.e. g_{t_0}=[g,C]

Proof: Ty fe f,-deate of T

W= W (E79E ) < £7 (09 -N1ge)E
snle nd-Aw920 —7 J§A"g o
7141&5 ’909: If)’ Cj




Sato-theoretic construction

e [Dimensional reduction constraint]

F(t,\)

= ":I:"[;{t, .-"'Illl:l_

v

Ly

:x_{t- *’1"‘]

— B(t

AT

g(t, A)

!

(L, ).

e Usually F dependes on t. However, if we assume F is indepent of all time variables,

it leads to the t_O-flow constraint for g, i.e. g_{t_0}=[g,C]

J 9= T4, ¢

Application:

2 We = LWa,L j
e

3::- W;‘Wm

W™ f .

Pwi) = Tws, ¢]

2 VAW K =-Wop

goWA = IWq,Cj r Qi 30,003
Wa(")WHg) =7

52—7-4 9 W) = [WIJ)CJ

P‘;?' - M'L'fp ’

Q = Way

Ny

2,y =%, (3 xeﬂ"
P&



Sato-theoretic construction

e [Dimensional reduction constraint]

We further emphasize that the four ASDYM matrix variables defined in (3.5) and (3.9)
satisty the same f-flow constraint:

8J =[1,C], &K=[K,C], &P=[PC], &Q=]|Q,C]. (3.18)

e This dimensional reduction constraint also appears in [LMZ2026]

e At first, we adopt this choice simply because it arises naturally within the Cauchy
matrix structure of the AKNS hierarchy, though its deeper origin remained unclear.

e From the perspective of Sato theory, however, this constraint can be understood as
a consequence of the time-independent transition function of the Baker functions.

e This constraint would be the basic of the integrable reduction framework in this
talk



Sato-theoretic construction

e [Miwa shifts and lattice ASDYM equations]

e To the best of our knowledge, there appears to be relatively little research on

discrete ASDYM equations......

e Benincasa and Halburd [arXiv:1601.03102] employed a Backlund transformation to

derive a discrete Yang equation, from which they obtained several integrable

reductions.
SL(2) gauge group

9
(B Y. Bl o n>0,

If we can have a discrete analogue of ,
n -:“,H“.

these INPUT data, then the OUTPUT

K = |K . -3 . o3 = . 4 :
data should be corresponding lattice ™"~ [f 2 ] | (“ —1)
equations. This should be a good way to INPUT  (wvz2026)

generate discrete integrable systems

S

e The AKNS hierarchy (2.13): (r,q) = (K21, —K12).

e The GI hierarchy (2.18): (p,q) = (JauJ;', —K12).

e The gauge factor between DNLS hierarchies (2.25): s = Ji1.
e The GDNLS hierarchy (2.28): (u,v) = (leJfl_l, —Ji; Ki2).
e The KP hierarchy (2.41): u = Kyy,.

e The mKP hierarchy (2.50): v = —(In J11),.

https://arxiv.org/abs/2603.23060 O UTPUT



Sato-theoretic construction

e [Miwa shifts and lattice ASDYM equations]

e To begin with, we assume C to be

; . / () : 3 :
r:;—.u;.—([; . ) 1<r<N-1 5=
.'a"n'r—'nl'
e Then introduce the Miwa shift For later use, we adopt the abbreviations X 1= Ty X and Ap X = ()Z — X)) /h.

h ) f}'.;‘ .IF.H
Th := exp (Z iﬂn) . TrX(t) = X(t + [h]), il ([L h, :? % . ) ,
T e ;



Sato-theoretic construction

e [Miwa shifts and lattice ASDYM equations]

Theorem 3.9 (Miwa-shift-generated discrete analogue). Assume the hypotheses of Theo-

rems 3.1 and 3.0 hold. Then there exrists a unique A-independent matriz U, such that

FEquivalently,

and

lﬁi‘f;{’}"j B Lh{}")@u(}‘L

a € {0, c}.

Lp(A) = In — h(AC + Up),
ApWeo(X) = A(T—ﬁ[i)(? — (?I-I-*",L{A)) — U, Wa(A),
=K —CR =—{Agid
T discrete analogue
. - —~1 - Y _
dn,K — _(()n-l—lJ)J ) dn, g ) n=>0

(3.22)

(3.23)

(3.24)



Sato-theoretic construction

e [Miwa shifts and lattice ASDYM equations]

Remark 3.10. Introduce a second Miwa shift X := T}, X and the associated difference operator
ApX = (X = X)/k. We then consider the pair of linear systems

s

Ta(N) = LiN) %), Ta() = L) Ta(N).
The compatibility :‘lI'u — U, then vields Eh(})bk(}.] = I,'E.EAJL';L{)L). Substituting the corre-
sponding matrix expressions for the discrete gauge potentials gives the lattice Yang equation

(cf. (3.6))

ClARTIT Y =R T L (AN T A0 = A T 0 =10 (3.25)

and the lattice LMP equation (cf. (3.7)) discrete Yang equation [BR2016]

A(RC - CK) — Ay (KC - CK)

= & = i (3.26)
+(KC -CK)(KC-CK) - (KC—-CK)(KC-CK) =0.

Both may be regarded as discrete analogues of the ASDYM equations. . . : :
8] may be regarded as discrete analogues o 1e equatlons When C:d|ag(’|,—'|), thIS system is equ|va|ent
to the discrete AKNS system via the Cauchy

matrix approach [Zhao2016]



Sato-theoretic construction

e [Miwa shifts and lattice ASDYM equations]

Likewise, there will be a

discrete coordinate flow

This is the discrete
analogue of the Miura

relation between P and Q

Theorem 3.11 (Discrete coordinate flow). The relative coordinates satisfy

ﬂhtﬂij - t-f)ij_HF + CT'H.-‘t'+11J: = !FEL.'I'[‘](.-\'U:’(;J._ {-’,_jj = Z’:Q. (32?}

Proof. For a € {n,(}, set R(a) := In — haC. Equation (3.23) is equivalent to
j{{?}'jl"l",fa{ﬁj_l = ﬁ;u("r”_l-":h('r”'

Using Ly (n) — L,(¢) = h({ — p)C, we obtain

P

H{T})W‘m('ﬂ, (:J = Wub(f;l"- i:}H[{:) = h(ﬂ}fa{q)_lcnb[‘;) = C} .
Rearranging gives
&hwah . (;ﬁabc + (-'TWTabn =C — ;:1:;({ {T?}_I(;’T H’l',l{(-_:)

Thus, a substitution of (2.3), (2.4), and (2.7), followed by sectorwise coefficient comparison,
finally proves (3.27). O

Likewise, the shift relation (3.27) is a discrete analogue of (3.8). Setting (i,7) = (—=1,-1) in
(3.27) therefore gives

MO =C-PoPl=0=71 (3.28)

which serves as the discrete analogue of (3.10).



Integrable reductions

e [Assumptions]
e Previous discussions hold for all gauge groups. Here, for simplity, we work on the

SL(2) gauge group, which implies

det J = 1, tr K =0, det P =1, tr@ = 0.

Condition (3.21) then gives C' = II = diag(1,0). Thus for any 2 x 2 matrix X € {J, K, P,Q},

QX =[X, 1] = (i] _‘{{f”) : (4.2)

For later use, set x := t; and write

. (K Ky fu —gq (Jun e (s 2 o
K (1{21 —ff“) . (T' —q /] ! JEI Jgg h ps Jgg I {_lﬂ)



Integrable reductions

e [Reduction to positive AKNS hierarchy] Direct computation

without difficulty!
(see also in [LMZ2026])

Recalling the LMP equation (3.7) and setting m = 1, we obtain
On_ 100 K — 0,[K, 1] — [8,1 K, [K,II]] =0, fi. 2.
Expanding this equation shows that the entries satisfy
Uz tn 1 = —(G")tn_1> Qe tn_1 = —Gtn — 2Uy, 4, Petn_1 = Ttn — 2Ug, 7.
Rearranging these relations vields
Qt, = —Qztn_1 T Qqﬁ:gll:wf)fn_] 1 Pty = Tty 4 ™ QTE_J:;I{QT)EH_l'- (4.4)

where ¢q;, = —q and ry, = r. This is precisely the positive AKNS hierarchy. The first nontrivial
member of (4.4) is the coupled nonlinear Schrodinger (NLS) system

2 _ 2
'Fir,j = pqp — EI'ET . fj,lf_j = _f}I;ﬂ + Eq 7. (4:.5}



Integrable reductions

In the case of n = 1, equations (2.17), (2.18) can be written explicitly as

e [A Sato-theoretic perspective] 3%‘1'”‘) = (AQ + w,Q — Quw,)¥(N), (2.20)
d d  Odun
ﬂ@()\j = (A% - E) (). (2.21)

In this subsection, we restrict our discussion to continuous integrable systems: the discrete
case can be treated in a similar manner. The AKNS variables arise naturally from the local
expansion of the dressing matrix at A = oc. Recalling (3.20) with a = oo, we obtain

T

B, := Z -ty K.

=1

8 Woo = —(A"I1 + B, () ¥, (4.17)

Defining ® 48NS — e£/2W _ transforms (4.17) into the linear system for the AKNS hierarchy

IARNS] _ _ (A% + By())) QKNS (4.18)

Taking n = 1 vields the spectral problem for the AKNS hierarchy
[AKNS] _ _ ( a3 - ) akns] _ LA 20 Srakng) 1 16
ol A+ (K1) @ Slar 232 . (4.19)

This construction is
compatible with [KIT2002],
which is developed from the

2—component KP hierarchy



Integrable reductions

e [Reduction to positive Gl hierarchy]

We next derive the GI hierarchy through the Miura transformation encoded by the J-matrix.
Equation (3.4) with n = 1 expands as

sz Jug\ _ (-pes —en) Direct computation
{I}S}:r: 'JE‘Q.;{' —rs _TJIE
whose first column implies without dlfﬂCUHYI
PR (see also in [LMZ2026])

On a domain where s # (), eliminating s from the above relations gives

P =-—T +p2f1'-. (‘lﬁ}

which is the Miura transformation between the AKNS and GI hierarchies [17]. Substituting
(4.6) into (4.4) yields the positive GI hierarchy

Dei: = Dot 3= ?pﬁ;l(pqm + [pgjﬁ)fﬁ_l, Pty = P (4.7a)
§te: = —Hrtuea = 2@'5':;1(15':::'-'1’ - {FJQ}?) b1 Gty = —4- (4.7b)

The first nontrivial low is given by

,'F'Lg = Pxx — 2;”2‘-?::: — Qpiiq'z? fﬂg S 21”3:‘1’2 + Epgqﬂ- £"18)



Integrable reductions

e [Reduction to lattice AKNS system]
e In the continuous case, we start from the LMP equation. Thus for the discrete case,
we will consider the discrete LMP equation
AL(KC — CK) — Ay (KC - CK)
+ (E‘C — R (KO ) — (E’(I‘ — CK)(KC - CK) =0.

e A substitutation of K gives

i

1 ]- bt o o st — \ — ~ - 5 e s
(f_ — I) (G—-t—-t+4u)+(E—u)(t—u)—(u—a)(d-u)+gr—gr =0,
! :

Vi

F—F F—T =

q;”_q;“+(ﬁ_mq—n, — - —— + @ - =0.

-




Integrable reductions

e [Reduction to lattice AKNS system]

e On the other hand, shift on J implies

~ (1=h{u—-u) —hq

Since det J = 1 is preserved under Miwa shifts, relation (4.9) then implies ) ) ) )
: S ! The shift relation of u implies an

det (1 B .":_.L;:F— u) _{W) =1— h{u—u) — h%g7 = 1. equation of (q,r)

Rearranging this relation gives

u — u - g —t I
Dyt = = —qr. i—4 _49—4 .

h h k

(T — )y = 0,

Thus, finally we have: 2 - 4. ¢ — 1 _ 2(h7 — k7), - — 72(kg — hi).
[ %




Integrable reductions

e [Reduction to lattice Gl system]

e Similarly, we have to find a discrete version of the Miura transformation. Then,
from the lattice AKNS system, we can get the lattice Gl equation likewise.

We next use the diserete Miura relation to obtain the lattice GI system. With (4.3) and

(4.10), we rewrite (4.9) as

5 Jis
ps  Ja

)-

—hr 1

ps  Jog

1+ h?qr —h.q) (s J12

).

The first column vields

5= (1 — hpg + h*qr)s,

Since (1 — hpq + h2q7)(1 + hqp) = 1, it follows that

S
5

1

14 hgp'’

i

ps = (p — hr)s.

hr=p—

p
1+ hgp

This is the shift of J

Continuous Miura relation

(4.13)

This is the discrete Miura relation between the lattice AKNS and GI systems. A rearrangement

of (4.13) implies

App = —7+pgp — hqp,

Py = —T +i”2ff-.

which is a discrete analogue of (4.6). Taking the continuous limit 7 — 0 recovers (4.6).

> 1



Integrable reductions

e [Reduction to lattice Gl system]

g—q qg—q a7 = = F=r T—7T =g, .
— = g*(hr H kr)l - — 7 (kg — ha).
h k o ") h k g )
% b hr Hp P
- = - = p - —
s 1+ hgp "1 + hgp
5 1 1 D
— = — T EpP— —
s 1+ kqp’ P 1 + kgp

!

i-q d-a_(_ D
h k l+kqp 14+ hgp/




Integrable reductions

e [Reduction to lattice Gl system]

On the other hand, shifting the second relation in (4.13) in the k-direction and the second
relation in (4.14) in the h-direction gives

s
e
R

JFI-T —_ I} — —.--::-r 3
1+ hgp
These two relations respectively give

and

= 1 = ﬁ
——ilrtez | Prm————s
k k L+ kgp
Their difference eliminates 7 and vields

-

kr

y— D - | - T;
- o i el e o —=
h h 1+ hgp

ot

i I
=P =
1+ kgp
2 G q
:—‘!'-|—;Uz J

o )

14+ kgp

5p 57 _sa(_a
h k

1=} h@?j

q
14 LE?F .

1+ hﬁf:;" T

The second equation of

lattice Gl system

(4.16)



Integrable reductions

e [Correspondence with relative coordinates]

Integrable systems variables in ASDYM matrices | associated relative coordinates

AKNS {—.L-J:}I,."r[k—lj._)] [I'._ t}'} - [}-{21-. I{'li_,-]} f {EL"(}(}]'E] y ['u."(].(}:llz}
it g . : ’ Ja1 - (Lo +wg,—1)21

GI (4.7)/(4.15)(4.1¢ (p. - —, — K- L Won )2
(4.7)/(4.15)(4.16) (P-q) (Jll : 112) (Uz w01t (wo0)12

Table 1: Correspondence between integrable systems and relative coordinates I,

e This correspondence implies that if there is an explicit realization of the relative
coordinates, then the continuous and discrete AKNS/GI systems are solved.

e In fact, the Cauchy matrix approach is exactly one way to achieve this. That’s why
we can use the CMA to derive lot of integrable systems.



Integrable reductions

e [Correspondence with relative coordinates]

() € e B, N R ) th
Integrable systems

variables in ASDYM matrices

associated relative coordinates

HF (4.20)
HF (4.20)

i el g
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Table 2: Correspondence between integrable systems and relative coordinates II.

Sometimes, the Q—-matrix
is also needed

Check detailed proof in
[LMZ2026]

Integrable systems

variables in ASDYM matrices

associated relative coordinates

GDNLS (4.21)
CLL (4.22)
KN (4.23)
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Table 3: Correspondence between integrable systems and relative coordinates III.



Concluding remarks

e [Coordinate extension]

e The usual affine coordinates w_{ij} with i,j>=0 is extended to w_{ij} with i,j in Z.
e [Dimensional reduction constraint]

e The Sato-theoretic origin of the t_0O-flow is clearified.

e [Relative coordinate representation]

e Several integrable systems are expressed explicitly in terms of relative coordinates.



Concluding remarks

e [Future investigation]

e Through out this talk, we choose G=SL(2) for convenience, a more natural setting is
G=GL(N), which allows reductions to multi—-component integrable systems.

e We only consider the ASDYM hierarchy with single time sequence, a more natural
seeting is two sequences of hierarchy times, which allows reduction to breaking
soliton equations, e.g. 2+1d NLS, CBS, ...... [calculation is almost the same...]

e Cauchy matrix provides Grammian-type solutions. There are Wronskian-type
ASDYM solutions [HH2020,HH2022], it should likewise admit formulations in terms
of the relative coordinates.



